Introduction
Let G be a finite group acting on a topological space X, which is termed a G-space. We recall a few basic facts about equivariant spaces, which can be found in all classical books on the subject (for example in [4, 44] ). For every x ∈ X the isotropy subgroup (also termed fixer or stabilizer ) of x is G x = {g ∈ G : gx = x}. If H ⊂ G is a subgroup of G, then the space fixed by H in X is X H = {x ∈ X : Hx = x} = {x ∈ X : H ⊂ G x }. If X and Y are G-spaces, then a G-map (i.e. an equivariant map) f : X → Y is a map which commutes with the G-action: for every g ∈ G and x ∈ X, f (gx) = gf (x). If x ∈ X and G x is its isotropy, g ∈ G x =⇒ gf x = f gx = f x =⇒ g ∈ G f x , thus G f x ⊃ G x . This implies that if f is equivariant, then for every H ⊂ G, f X H ⊂ Y H . The restriction of f to the fixed subspace X H is denoted by f H : X H → Y H . A G-homotopy H : f 0 ∼ f 1 is a G-map H : X × I → Y , where the action of G on X × I is trivial on the I-component. In equivariant fixed point theory one studies the fixed point set of the map f , provided that X ⊂ Y : Fix(f ) = {x ∈ X : f (x) = x}. The fixed point set Fix(f ) is a G-subset of X, and hence the disjoint union of G-orbits. The normalizer of a subgroup H ⊂ G is N G H = {g ∈ G : gHg −1 = H}, and the quotient with H yields the Weyl group W G H = N G H/H, which acts on X H . Also, the restricted map f H is a W G H-equivariant map. For a given subgroup H ⊂ G, let (H) denote the class of all the subgroups conjugated to H in G (that is, H = gHg −1 for some g ∈ G). We write (H) ≤ (K) when H is subconjugated to K, i.e. when there is K = gKg −1 such that H ⊂ K . Let X H = {x ∈ X : G x = H} denote the subspace of points with isotropy H, and X (H) = {x ∈ X : (G x ) = (H)} the subspace of points with isotropy type (H). The projection X (H) → X (H) /G is a fibre bundle with fibre homeomorphic to G/H, with associated principal bundle X H → X H /W G H (the Weyl group W G H acts freely on X H ). Consider the poset Iso(X) of isotropy types (H) of points in X. The isotropy stratification of X is the stratification given by strata X (H) with isotropy type (H), for (H) ∈ Iso(X). It is a Thom-Mather stratification (or a CW-stratification), provided that either X is a a smooth G-manifold or G-CW-complex. It is a Siebenmann cone-like stratification if X satisfies only the weaker condition of being a locally smooth G-manifold. Since any finite poset can be endowed with a compatible total order, there is an indexing of Iso(X) = {(H 1 ), . . . , (H l )} such that (H i ) ≤ (H j ) =⇒ j ≤ i. Thus, the isotropy stratification of X induces a filtration
. For the purpose of equivariant fixed point theory, we require that X i ⊂ X i+1 is a G-cofibration for every i, since in this case the G-homotopy extension property allows one to build homotopies inductively on isotropy strata (see for example [11, 48, 51] ). This is the case for GENRs, G-CW-complexes or locally smooth G-manifolds. To consider the simplest assumption, throughout the paper we will assume that X is an open G-invariant subset of a smooth G-manifold Y . Moreover, any G-map f : X → Y , where X ⊂ Y is an open G-subset, will be assumed to be compactly fixed : the fixed point set Fix(f ) is compact. Similarly, all G-homotopies will be assumed to be compactly fixed. Now, there are several approaches to equivariant fixed point theory. The purpose of this note is not to give a (not complete) account or a survey about all the results and theories, since it would go far beyond the limits of this chapter. We will be addressed only to the naive equivariant fixed point theory approach, in the unstable homotopy realm. That is, we will try to sketch answers to the following questions: when, given f : X ⊂ Y → Y , all G-maps f G-homotopic (compactly fixed) to f will have fixed points? Or, on the contrary, when f is G-homotopic (compactly fixed) to a fixed point free G-map? Is there a structure of Fix(f ) which is invariant under G-homotopies (e.g. the fixed point index or the Reidemeister trace)? And, accordingly, we will need to connect equivariant and non-equivariant fixed point theories, by asking: what is the equivariant corresponding of the Lefschetz number/fixed point index/ Reidemeister trace / Nielsen number? As pointed out above, this is a naive approach. There are no generally accepted answers to these questions even in the non-equivariant case.
Equivariant Lefschetz classes and the Burnside ring
Consider the fixed point index Ind(f ) as defined by Dold in [7] , for a map f : X → Y , with X ⊂ Y open subspace. The index is an integer with the following properties: if f is a constant map, then Ind(f ) = 1 if f X ∈ X and
These properties (for ENR's ) characterize the index and, furthermore, the LefschetzHopf theorem (see theorem 4.1 of [7] and also [5, 6] ) can be proved: the Lefschetz number L(f ) of a self-map f : X → X is equal to the fixed point index Ind(f ) (which, in turn, is the sum of the indices around its fixed point components). Actually, as pointed out in (5.1) of [9] , assuming additivity and homotopy invariance suffices to characterize Ind(f ) for ENRs. Other (axiomatic and not) approaches can be found in the works of M. Arkowitz and R.F. Brown, T. tom Dieck, K. Komiya, E. Laitinen, W. Lück, W. Marzantowicz, C. Prieto, and H. Ulrich [1, 44, 29, 32, 23, 31, 33, 34, 37, 36, 41, 45] . We will come back to this topic in section 5.
Let A(G) denote the Burnside ring of the finite group G, i.e. the Grothendieck ring of finite G-sets. Elements of A(G) are formal differences S −T of (G-isomorphism classes of) finite G-sets S, T , where S − T = S − T if and only if S + T ∼ = S + T (the disjoint union are G-isomorphic). Addition and multiplication in A(G) are given by the disjoint sum and the cartesian product. As a consequence of the properties of the stable equivariant cohomotopy theory, one can define the A(G)-valued equivariant Lefschetz number [44] ). The idea is the following: first, let ω 0 G denote the stable 0-the dimensional cohomotopy group of S 0 (i.e. the limit under G-suspensions of the homotopy groups [S n , S n ] G , where S n are endowed with linear G-actions; in other notation, ω
To be more precise, consider the poset of all isomorphism classes of orthogonal Grepresentations, where the inclusion i
where the arrow is given by the join of a map S(V ) → S(V ) with the identity map on S(V ) (since S(V ) * S(V ) = S(W )). Such a join is also termed G-suspension. Now, as V ranges over all representations, the limit {S 0 , S 0 } G = lim V [S(V ), S(V )] G exists and is termed the 0-th dimensional (co)homotopy group of S 0 , and denoted by ω 0 G . In [44] it is proved that ω 0 G ∼ = A(G) (Segal's theorem), while full details on the construction of the ω 0 G -cohomotopical index can be found in [8] .The underlying idea is simply to take the cohomotopy class of the map given by i − f , where i means the inclusion X ⊂ Y and f is the map f : X → Y , after a suitable extension to some sphere. Also, it can be defined as the sum of the equivariant fixed point indices of the (finite number of) components of Fix(f ), or as a collection of traces of Bredon-Illman homology theory [32] .
Roughly speaking, the A(G)-valued Lefschetz class L G (f ) turns out to be a function Iso(X) → Z which maps the conjugacy class of an isotropy subgroup H ⊂ G to the integer Ind(f H ), which is the fixed point index of the restricted map f H : X H → Y H (the Lefschetz number coincides with Ind G in a natural way when X = Y ; otherwise one has to consider the Lefschetz number arising from homology with integer coefficients of the pair (
. Such Lefschetz number (also termed as equivariant Lefschetz class) arises also by choosing some universal properties for L G (Laitinen and Lück [33] ). It is the way to count fixed points in the Burnside ring, which is the natural ring for equivariant (co)-homotopy theory.
Actually, in spite of the deep algebraic properties of Ind G and L G , the questions above are of an unstable homotopy nature, hence stable invariants will not yield complete answers. We will see the (two-folded) reason of this in the next sections.
Fixed points on pairs
Consider a given G-map f : X → Y , and a subgroup H ⊂ G.
Define the singular set X 
In particular, if one forgets the W G H-action, a G-map induces maps of pairs (f H , f H s ). Hence, if f can be G-deformed to be fixed point free, then for every H the map of pairs (f H , f H s ) can be deformed to a fixed point free map. When one comes to the algebraic invariants that count fixed points (or, equivalently, to obstruction elements in a suitable obstruction theory), it would be reasonable to consider the relative Schirmer-Nielsen number for the pair (X H , X H s ), or one of its later variants due to J. Jezierski, B. Norton-Odenthal, P. Wong, X. Zhao [42, 26, 55, 40] . In fact, the Schirmer-Nielsen number, under suitable conditions (a dimension assumption and a by-passing condition; see below), is the obstruction to deform a map of pairs to a fixed point free map. [11, 20, 46, 52, 50, 49, 51] ). Moreover, P. Wong in [53] generalizes all these constructions by considering the definition of the Nielsen number of a poset of maps (actually, a directed system of subspaces of X and maps there defined). The idea is to consider the inclusion order of all the spaces X H and to relate the fixed point classes arising at different strata. See also remark (6.2). See also J. Better's thesis [3] for results and detailed references on relative equivariant Nielsen numbers; recent results on equivariant coincidences include J. Guo and P. Heath [22] and P. Fagundes [12] . For results on fixed points in Jiang spaces the reference is P. Fagundes and D. Gonçalves [13] .
The by-passing condition, since X ⊂ Y are G-manifolds, immediately implies that the codimension of X H s in X H has to be at least 2. In the equivariant setting this assumption is too restrictive, unless the manifolds are complex, since many important group representations (of Coxeter groups, for example) fix subspaces of codimension 1. Now, the first impression about this problem is that a wall-crossing formula could easily be found: consider a connected G-manifold M with trivial isotropy type. If the action is not free M It is important to know that this phenomenon is not true in general: for H ⊂ G and X a smooth G-manifold, one cannot prove that X H /W G H is connected, provided that X H is connected. That is, even if X H is connected, the components of X H can be not homeomorphic each other by the elements of the Weyl group W G H. So, one cannot expect in general, even in the connected and simply connected case, the stable fixed point index Ind G (or, equivalently, the equivariant Lefschetz number L G ) to fulfill a converse of the Lefschetz property, unless G is of special type. The following proposition explains the meaning of this "special type". (i) The group G is the direct product of a 2-group and an odd-order group.
(ii) There exists a smooth compact G-manifold X and an isotropy H ⊂ G such that X H is connected while X H /W G H is not connected.
(iii) There exists a smooth compact G-manifold X such that for every H ⊂ G the fixed submanifold X H can be deformed to a fixed point free map, while X cannot be G-deformed to a fixed point free map.
Proof. It follows from theorem 1.1 of [17] and the construction in the proof of proposition 4.1.
An equivariant fixed point index via Reidemeister traces
We have seen the first reason for which a stable G-index does not have the converse of the Lefschetz property, even for identity maps (where the fundamental group does not play a role). It is also possible to define counterexamples as in (iii) of the previous proposition, with all the fixed subspaces X H simply-connected. So, we need to take into account the fact that (f H , f Proof. It follows from the commutative property; without loss of generality we can assume that W ∩ Fix(f ) = {x}; let i : A → M denote the inclusion. We have: Ind(x, f |W ) = Ind(x, if A r) = Ind(x, f A ri) = Ind(x, f A ).
One can define in a similar way taut maps for G-equivariant maps (in this case the retraction has to be G-equivariant) and taut maps around a compact subset (like a component of the fixed point set of a compactly fixed G-map), where the above definition is taken only in a suitable local neighborhood. This idea, which dates back to K. Wilczynski [47] , K. Komiya [27, 28] and W. Marzantowicz [35] , has been also recently used by Zhao [55] in the definition of a fixed point index for maps of pairs and by the author in [15] for the definition of the index that we are describing in this section. The steps for the definition are the following. We use again the word taut with a slightly different meaning: we say that a compactly fixed Proof. See the proof of lemma 4.8 of [15] . So, let I G (f ) denote the following index. First, it is defined for G-taut maps (which have the property that each restriction f H is compactly fixed in X H ). The equivariant index I G (f ) is the collection of Reidemeister traces parameterized as follows. For every H ∈ Iso(X) let
H (see remark (6.4) below for a comment on the Reidemeister trace / generalized Lefschetz number for local non-connected maps; see also (6.3) for the differences with the results of [15] ). Since a G-homotopy which is G-taut for every t ∈ I preserves the traces L(f H ), it is proved that I G (f ) can be defined for all compactly fixed G-maps, as the index of any G-taut -approximation (see (4.3) ).
This index has the suitable obstruction property for fixed point free deformations:
H is a manifold of dimension at least 3 for every H, then I G (f ) = 0 if and only if there exists a G-map f equivariantly (and compactly fixed) homotopic to f with Fix(f ) = ∅.
Proof. It follows from Corollary 4.23 of [15] .
Furthermore, by the additivity of the Reidemeister trace one can prove the following formula (which holds for G-taut maps):
is the homomorphism functorially induces by the inclusion X K ⊂ X H (for H ⊂ K). Formula (4.5) is a generalization of Komiya formula [30] to Reidemeister trace. For details and a discussion about its Möbius inversion, see [18] . An immediate consequence of (4.5) is that if ∀H :
As shown in example (6.1), this cannot be true in general. Either the singular sets can be by-passed, or some further hypotheses on the map have to be assumed.
A definition of local Reidemeister trace (in terms of Dennis traces of cellular chain maps) can be found also in [14] . Furthermore, in recent papers of W. Marzantowicz and C. Prieto [39, 38] a definition equivalent to the definition of taut maps (which are there are named co-normal maps) is proposed and used on the problem of classification of G-maps (see also [19] on the subject).
Universal invariants and K-theory
We recall the definition of Lefschetz invariant for G-maps, as given in [33] . Given a finite group G, a Lefschetz invariant is an abelian group A (depending on G) and a function L which assigns to a G-map f :
here the sum f + g is defined by the coaction map S 1 → S 1 ∨ S 1 on the S 1 -component of the suspension S 1 ∧ X). These axioms are parallel to the axioms of trace invariant for finitely generated projective R-modules (where R is a ring, in this case the group-ring ZG): it is an abelian group A (depending on G) with a function T assigning T (f ) ∈ A to every R-modules endomorphism f : M → M with the properties: if 0 → M 1 → M → M 2 → 0 is an exact sequence and (f 1 , f, f 2 ) an endomorphism of the sequence (i.e. vertical morphisms f 1 , f, f 2 which commute with the exact sequence), then
These properties define, in a categorical and standard way, the notions of universal trace invariant and universal Lefschetz invariant. By considering cellular chain complexes of the strata X H (which are W G H-free), in [33] it is shown that there exists a universal Lefschetz invariant, which in turn is the unique extension of the universal trace invariant to chain maps of ZG-modules on chain complexes. It is well-known that the universal trace invariant is the Dennis trace (trace defined K-theoretically as an element in the 0-dimensional Hochschild homology of the ring R), also known as Hattori-Stallings trace. See also R. Geoghegan and A. Nicas on this topic [21] .
This K-theoretical framework, originally motivated by equivariant fixed point theory, has been applied also by Lück in [34] , where the idea is to consider that Nielsen fixed point theory (and the Reidemeister trace) are of an equivariant nature: the Reidemeister trace of a self-map f : X → X is defined in terms of twisted Hattori-Stallings traces of the chain maps, which are π 1 (f )-twisted projective Zπ 1 (X)-homomorphisms. So, the universal covering spaceX is seen as a π 1 (X)-equivariant space, and the arguments above are adapted to deal with the case of non-trivial π 1 (f )-twisting (that is, the fact that the induced homomorphism π 1 (f ) : π 1 (X) → π 1 (X) can be different than the identity). The difference is here that the linearity axiom is not considered in [34] , and therefore the resulting universal functorial Lefschetz invariant is, a priori, finer than the Reidemeister trace (which, in turn, can be seen as a universal Lefschetz trace with local coefficients in π 1 (X)). The difference is easily understood in the context of linear algebra (over a field) and homomorphisms: the universal functorial Lefschetz invariant of a homomorphism corresponds to its characteristic polynomial, while the universal Lefschetz-trace invariant is the trace of the homomorphism (see remark (6.5)). In any case, both approaches share the same scheme: use a categorical-universal approach to define the trace or the additive invariant, and then the cellular decompositions of the spaces (in one case, equivariant with respect to G, in the other with respect to π 1 (X)). Now then, it is possible to combine the two approaches for a smooth G-manifold (or a G-CW-complex) X if one considers the isotropy stratification of X and the stratified homology theory defined by Baues and the author in [2] . In this case it is possible to mimic the axiomatic approach of Laitinen and Lück, and to define universal invariants for Π G (X)-cellular chains, yielding naturally a Lefschetz-Hopf type of result (i.e. the invariant as an alternate sum of traces in homology), homotopy invariance, and Lefschetz property (immediately from definition). For another abstract approach (computing the generalized Lefschetz number in generalized equivariant cohomology theories) see also the recent paper of W. Marzantowicz and C. Prieto [37] .
6 Examples and remarks (6.1) Example. Here we recall briefly the core of example 5.2 of [15] . Let G be the group of order 2 acting on R 3 by (x, y, z) → (−x, y, z). Let a and b denote the unit circles contained in the plane z = 0 and centers in (−1, 0, 0), (1, 0, 0) , and c the unit circle contained in the plane x = 0 and center in (0, 0, −1). Consider the union X 0 of the three circles a, b and c with basepoint x 0 = 0. We denote with the same symbols a, b and c the loops around a, b and c. The induced action of the non-trivial element g ∈ G is as follows: ga = b, gb = a, g|c = 1. Now, let f : X 0 → X 0 be a map with the following properties: x ∈ c =⇒ f x = x and f a = a −1 b −1 ab and f b = b −1 a −1 ba. By a small rotation on c the G-map f can be G-deformed in a way that it has no fixed points in c, and there are two fixed points in a (of index +1 and −1) and two corresponding fixed points in b (of index +1 and −1). Let x + and x − denote the fixed points in a and gx + and gx − their images in b. The fact is that, in X 0 , x + and gx − belong to the same Nielsen class (and the same for x − and gx + ), which is therefore inessential. Thus N (f G ) = N (f ) = 0. On the other hand, even considering the regular neighborhood of X 0 in R 3 (or in any bigger euclidean space), it is not possible to deform f to a G-map which is fixed point free, since the equivariant fixed point index I G (f ) of [15] is not zero. For a similar example see also Vidal and Izydorek in [25] . See also [24] and [46] . Ind(f k ) k t k . Theorems (1.8) and (1.9) of [10] state that a sequence of integers coincide with the sequence of fixed point indices of iterates Ind(f k ) of some compactly fixed map f : X → Y if and only if the coefficients of the corresponding zeta function are integers. Moreover, the sequence coincide with the sequence of fixed point indices of iterates of a self-map f : Y → Y of a compact Y if and only if L(f ; t) is an integral rational function (which can be written as quotient of products of determinants of endomorphisms induced in homology with rational coefficients). The proof is rather simple, and its basic idea comes from the observation that the additive group Z of integers acts on the set P of periodic points of f (with their fixed point indices), and that hence a Möbius type formula for the poset of subgroups of G = Z holds:
Here P nZ is the set of periodic points with period at most n (i.e. periodic points fixed by nZ ⊂ Z), while P kZ is the set of periodic points with period exactly k (i.e. periodic points with isotropy kZ). Such a formula can be written also as
where 1 H and 1 H are the restrictions to P H or P H of the identity 1, and can be generalized as Komiya theorem of [30] for every f : X → Y :
By using the additive property for the Reidemeister traces, in [18] this result is extended to the case of Reidemeister traces, instead of fixed point indices.
Unfortunately I was not able to prove such Möbius-sum formula (nor to invert it in a Möbius fashion) with universal invariants instead of Reidemeister traces.
(6.3) Remark. One of the side-effects of the functoriality of the Reidemeister trace -Generalized Lefschetz number is that L(f ) is an element of an abelian group which depends on the map f . A combinatorial way to encode the information about the number of classes of a given index is to associate to a map (or to its Reidemeister trace) the function which assigns to a fixed point class its fixed point index. As remarked in 3.1 of [15] , the set of isomorphism classes of functions with values in Z 0 and finite domain is a commutative monoid, with respect to the disjoint union and the cartesian product, so that the Grothendieck ring R is well-defined. This concept, mutated from the Burnside ring definition and applied to the context of Nielsen fixed points, allows to define an index which is in an intermediate position between the Nielsen number (which counts the essential fixed point classes) and the Reidemeister trace (which counts the essential fixed point classes, together with their fixed point indices, together with their coordinates in the Reidemeister twisted conjugacy classes). The advantage is that R does not depend upon f and shares some algebraic properties with the Nielsen number. On the other hand, the book-keeping of fixed point indices on the poset structure {X H , X H } needs the knowledge of coordinates of fixed point classes, and not only their cardinality. Thus an R-valued index can play a significant role only outside equivariant fixed point theory. Actually, in [15] such index was denoted by I G , while in the present paper this symbol is used for the equivariant index of section 4. , where the homotopy class of the constant path c x belongs to P (X, Y ). Adding the index it is easy to define the Reidemeister trace as a formal sum of components of P (X, Y ) (i.e. Reidemeister classes). The problem arises only when one wants to relate such a sum with a trace-like quantity, in homology or cellular chains. Then fixed points and base-paths (or choices in the components of the coverings) have to be chosen. An alternative approach, using projective finitely generated modules over a suitable ring, instead of free modules over the group ring Zπ 1 (X), can be found in [16] .
(6.5) Remark. Consider a self-map f : X → X such that π 1 (X) is abelian and f π : π 1 (X) → π 1 (X) is the identity (e.g. if X is simply-connected). Then the universal functorial invariant of f is determined by the product i det(1 − tH i (f )) (−1) i , which is an element of the ring of rational functions with coefficients in R = Zπ 1 (X) (see example 1.7 of [34] ). Heref is any map induced on the universal covering spaceX. As we noticed before, the characteristic polynomials det(1 − tH i (f )) encompass the trace (in R), while the vice-versa is not true.
